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(a)   Show that if d(x, y) ^ d(y, z), then d(x, z) = max(d(x, y), d(y, z)).

(b)    Show that any open ball B(*; r) is both an open and a closed set and that for
any y e B(*; r\ 3(y; r) = BCx; r).

(c)    Show that any closed ball B'(JC; r) is both an open and a closed set, and that for
any y e B'fo r), B'(y; r) - B'(x; r).

(d)   If two balls in E have a common point, one of them is contained in the other.

(e)    The distance of two distinct open balls of radius r, contained in a closed ball of
radius r, is equal to r.

9. DENSE SUBSETS; SEPARABLE SPACES

In a metric space E, a set A is said to be dense with respect to a set B,
if any point of B is a cluster point of A, in other words if B c A (or, equiv-
alently, if for every x e B, any neighborhood of x contains points of A).

(3.9.1)    If A is dense with respect to B, and B dense with respect to C, then A
is dense with respect to C.

For the relation B c A implies B <z A by (3.8.6), and as by assumption
C c B, we have C c A.

A set A dense with respect to E is called everywhere dense9 or simply
dense in E; such sets are characterized by the fact that A = E, or equivalently
that every nonempty open set contains a point of A. A metric space E is
said to be separable if there exists in E an at most denumerable dense set.

(3.9.2)    The real line R is separable.

Indeed, by (2.2.16) the set Q of rational numbers is dense in R, and Q
is denumerable by (2.2.15).

A family (GA)AeL of nonempty open sets is called a basis for the open
sets of a metric space E if every nonempty open set of E is the union of a sub-
family of the family (GA).

(3.9.3) In order that a family (GA)AeL be a basis, a necessary and sufficient
condition is that for every xeE and every neighborhood V of x, there exist
an index 1 such that x e GA c V.stinct and have no other inclusion relations than the
